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Generalized Holds, Ripple Attenuation, and Tracking
Additional Outputs in Learning Control

Richard W. Longman and Chun-Ping Lo
Columbia University, New York, New York 10027

Iterative discrete-time learning control can be very effective at improving the tracking performance of control
systems. Three different limitations or potential dif� culties of discrete-time learning control are addressed. 1)
The number of output variables for which zero tracking error can be achieved is limited by the number of input
variables. 2) Every variable for which zero tracking error is sought must be a measured variable. 3) Because
the control action is digital, the intersample behavior may have undesirable error from ripple. The � rst issue is
addressed by two approaches, either by seeking zero error for different output variables at alternating time steps
or by skipping time steps. The latter corresponds to using a generalized hold device. To address the second issue, it
is shown how these techniques can be combined with an observer when one wishes to have improved tracking of not
only measured outputs but also unmeasured output variables. To improve ripple, one can ask for good tracking of
the output,and in additiongoodtrackingof its derivativeor derivatives, andit is shownhowmethodsdevelopedhere
can accomplish this. These generalizations are made for three different effective learning control laws: integral
control-based learning with zero phase � ltering, which is particularly simple; a contraction mapping learning
control, which is particularly robust; and a phase cancellation learning control, which is particularly effective at
producing small � nal error levels in experiments.

Introduction

L EARNING and repetitive control are relatively new � elds that
develop controllers that learn from previous experience per-

forming a speci� c command to improve their performance in the
next execution of the command. The main motivation for iterative
learning control was robots performing repetitive tasks. In Ref. 1,
the section by Arimoto on the early history of learning control for
robot tracking states, “Not a single but several persons struggling
in the same research frontiers were gifted simultaneously and in-
dependently with a common idea,” � rst Uchiyama2 in Japan and
second but independentlyCraig3 in the United States, Casalino and
Bartolini4 in Italy, and Arimoto et al.5 in Japan, all in 1984. In addi-
tion, Ref. 6 was submittedin 1984fromAustralia.Repetitivecontrol
has seen similar independentdevelopments,as in Ref. 6 and the sub-
stantial contributions of Tomizuka (e.g., Ref. 7). The literature in
the � eld has now become quite extensive. In a series of publications
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(for example, Refs. 8–22) the authors and co-workers have sought
to develop an overall framework for learning and repetitive control
methodologies, and this is summarized in Refs. 23–25. References
16–18 developseveral learningmethodsand test them on a commer-
cial Robotics Research Corporation robot. The best results improve
the tracking error performing a high-speed, large-angle maneuver
by a factor of nearly 1000 in a small number of repetitions of the
learning process. This is close to the repeatability level of the hard-
ware, which represents the minimum possible tracking error level
obtainable.

Although, these methods can be very effective in eliminating the
trackingerror at the sample times, there are three limitations,which
will be addressed. 1) The number of output variables for which
zero tracking error can be obtained is limited to be less than or
equal to the number of input or control variables. 2) Every output
variable for which one seeks to obtain zero tracking error must be
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a measured variable.3) Although many learning control algorithms
are formulatedin continuoustime, the implementationis necessarily
done in discrete time. Hence, what one can obtain is zero tracking
error at the sample times. As with all digital control methods, there
is the possibilityof unacceptableripple, i.e., unacceptablemotionof
the output variables between the sample times. It is the purpose of
this paper to develop methods of learning control that address each
of these three issues. We will make use of methods suggested in
Refs. 8 and 9 to allow us to control more output variables than input
variables, either by cycling through the set of variables of interest
as the time steps progress or by skipping an appropriate number of
steps between those steps for which zero tracking error is sought.
The latter approach is related to the use of generalizedhold devices
(see, for example, Ref. 26), and Ref. 27 studies the use of such holds
for ripple attenuationin repetitivecontrol.Several different learning
control laws will be generalized to address these three issues.

Linear Learning Control Laws
In this section we review the general linear learning control for-

mulation presented in Ref. 8 and then present the three learning
control laws, developed in Refs. 6, 8, 12, 16, and 18, which will
be generalized to handle the described problems. All three of these
laws have been tested in experiments on a Robotics Research Cor-
poration robot, and all produced improvements in trackingaccuracy
by a factor of 100 or more in a small number of repetitions.16¡18;20

Each control law has its own set of advantagesand disadvantages.
Consider the general multi-input/multi-output (MIMO) linear

discrete-time system given by

x.k C 1/ D Ax.k/ C Bu.k/ C w.k/; k D 0; 1; : : : ; p ¡ 1
(1)

y.k/ D Cx.k/; k D 1; 2; : : : ; p

where x is the n-dimensional state vector, u is the m-dimensional
learning control input vector, y is the g-dimensional output vec-
tor, and w is a forcing function, including disturbances.We assume
that a feedback controller is operating so that the matrix A is the
closed-loop system matrix. Then w contains the command to the
control system. A repetitive process of p time steps is considered
that starts from the same initial condition x.0/ each repetition.Any
disturbancesin w are also considered to be repetitive (nonrepetitive
disturbances are discussed in Ref. 8). We are limiting ourselves to
considering time-invariant systems, but the � rst two of the learn-
ing laws to be treated immediately generalize to time-varying sys-
tems.Thiscanbe importantwhenconsideringnonlinearsystemsand
modeling them as linearized about the desired trajectory.Because a
feedbackcontroller is in operation,it is likely that the trajectorywill
start within a neighborhood of the desired trajectory within which
linearized equations are valid.

The solution to Eq. (1) is

y.k/ D C Ak x.0/ C
k ¡ 1

i D 0

C Ak ¡ i ¡ 1 Bu.i/ C
k ¡ 1

i D 0

C Ak ¡ i ¡ 1w.i/

k D 1; 2; : : : ; p (2)

De� ne the difference operator ± j z.k/ D z j .k/ ¡ z j ¡ 1.k/ that dif-
ferences values of any variable in two successive repetitions.When
applied to Eq. (2) the � rst and last terms on the right are eliminated,
and the resulting equation can be written in matrix form as

± j y D P± j u (3)

where

P D

C B 0 0 ¢ ¢ ¢ 0

C AB C B 0 ¢ ¢ ¢ 0

C A2 B C AB C B ¢ ¢ ¢ 0
:::

:::
:::

: : :
:::

C Ap ¡ 1 B C Ap ¡ 2 B C Ap ¡ 3 B ¢ ¢ ¢ C B

and the underbars indicate the matrix of histories of variables

x D

x.1/

x.2/
:::

x.p/

; y D

y.1/

y.2/
:::

y.p/

; u D

u.0/

u.1/
:::

u. p ¡ 1/

(4)

Note that Eq. (3) can be written in the alternate form

y
j

D I y
j ¡ 1

C P± ju (5)

which can be thought of as a modern state-space representation of
the system behavior in the repetition domain. The system matrix in
this representationis the identity matrix, and the input is the change
in the learningcontrol signal from the previousrepetition.Some ad-
vantages of this repetition domain representationare the following.
1) The repetitive disturbances are eliminated in the differencing,
making the learning control laws developed equally applicable to
systems with or without such disturbances (for example, the rather
large gravity disturbance in a robot). 2) Time-varying systems be-
come repetition invariant so that control concepts associated with
time-invariant systems can be applied. 3) The computation of the
learning control action can be made based on all of the information
of the preceding repetition and, therefore, need not be restricted to
operations satisfying causality in the time domain.

Linear learning control has the form

u j D u j ¡ 1 C Le j ¡ 1; e j ¡ 1 D y¤ ¡ y
j ¡ 1

; j D 1; 2; 3; : : :

(6)

where L is the learning gain matrix and e j is the error history for
repetition j , i.e., the difference between the desired output and the
actual output at repetition j . From Eq. (6) it is clear that we need at
least as many input variables as measured output variables whose
values we wish to track speci� ed trajectories.Hence, L must either
be square or have more rows than columns. Substituting Eq. (6)
into Eq. (5) shows that for feasibledesiredoutput histories the error
history vector as a function of repetition number satis� es8

e j D .I ¡ P L/e j ¡ 1 (7)

and convergesasymptoticallyto zerowhenall eigenvaluesof I ¡P L
satisfy

j¸i .I ¡ PL/j < 1 (8)

There is a great deal of freedom in selecting the learning matrix L
to satisfy Eq. (7), and three choices that have proved very effective
are now discussed.

Integral Control-Based Learning Control with Zero Phase Filtering
The most basic form of learning control uses integral control

concepts applied in the repetition domain (see Refs. 6, 8, and
others). Zero phase � ltering is introduced to limit the bandwidth
of learning16;17 and to avoid poor transients during the learning
process.10;11 Let the learning gain matrix be L D diag.8; 8; : : : ;
8/; then the learningcontrol law written for each time step becomes

u j .k/ D u j ¡ 1.k/ C 8e j ¡ 1.k C 1/ (9)

This law was called a p-integrator in Ref. 6. The continuous-
time version is sometimes called proportional (P-type) learning
control.28;29 P-type learningcontrol laws are preferableto derivative
(D type) learning control laws because they do not involve differ-
entiation of a signal.28 Convergenceof the learning process for this
special form of learning control is guaranteed according to Eq. (7)
if 8 satis� es the much smaller eigenvalue problem

j¸i .I ¡ C B8/j < 1; i D 1; 2; : : : ; m (10)

which reduces to a scalar inequality in the single input/single output
case.The learningcontrolin Eq. (6)hasa largeamountof freedomin
selecting learninggains,which can be used for variousperformance
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objectives.By constraining L to block diagonal form, we have used
much of this freedomin exchangefor an easily applied learningrule
with a simple convergence criterion.

This rule can be very effective, very practical, and very simple to
use. The experiments in Ref. 16 decreased the robot tracking error
by a factor of 100 in about seven repetitions, and by adding a com-
pensator in the learning control, the tracking error is decreased by
a factor of nearly 1000 (Ref. 17). A low-pass zero phase � lter can
be applied to the error signal before putting it into the learning con-
trol law, as developed in Refs. 16 and 17. This makes the learning
process blind to error componentsabove the cutoff. A methodology
is given to choose the cutoff frequencyas a tradeoff with the learn-
ing gain, based on the closed-loop steady-state frequency response
of the system. This information is known, for example, when the
same person designs the feedback controller as designs the learning
control. An alternative to using the low-pass � lter is to learn until
the error reaches a minimum and then freeze the learning signal for
future repetitions.10;11

Contraction Mapping Learning Control Law
The contraction mapping learning control gain matrix is given

by12¡14

L D s P T (11)

which corresponds to the learning control law

u j .k/ D u j ¡ 1.k/ C s ¢
p

i D 1

C Ai ¡ 1 Be.k C i/

e.k C i/ D 0 for k C i > p

k D 0; 1; : : : ; p ¡ 1; j D 1; 2; 3; : : : (12)

When this is substituted into Eq. (7), one obtains

e j D .I ¡ s P PT /e j ¡ 1 (13)

which producesa contractionmapping of the Euclideannorm of the
error with repetitions, provided the spectral norm kI ¡ s P PT ks is
less than 1, i.e., the maximum singularvalue is less than 1. This cor-
responds to the range of learning gains 0 < s < 2=kPk2

s producing
monotonic decay of the error norm with repetitions.

The contraction mapping learning control law makes use of ad-
ditional information about the system in the form of the system
Markov parameters. A major advantage of this learning law is that
it has good transient properties during the learning process, i.e.,
monotonic decay of the tracking error norm. In addition, Ref. 13
shows that for suf� ciently small learning gain it is robust to arbi-
trarily large errors in the Markov parameter model. It is, therefore,
a very safe type of learning control to apply in practice. No zero
phase low-pass � lter or identi� cation need be used for robustness,
as is done in the two other learning control laws discussed here.
The disadvantage is that it learns slowly at high frequency, with a
learning rate related to the square of the amplitude of the frequency
response of the system. Experiments using this law on the Robotics
Research robot resulted in a reduction in tracking error by approxi-
mately two and one-half orders of magnitude.20

Phase Cancellation Learning Control Law
This law makes use of steady-state frequency response informa-

tion about the system (something that would be available to the
feedback control system designer) to supply a phase lead to the er-
ror signalas a functionof frequencysuchthat the phase lagproduced
going through the feedback system from command to response is
canceled.18;19 The z transform of the learning control law has the
form

U j .z/ D U j ¡ 1.z/ C 8.z/E j ¡ 1.z/ (14)

with obvious meanings for notations in the z domain. The error
propagation from repetition to repetition appears as

E j .z/ D [I ¡ G.z/8.z/]E j ¡ 1.z/ (15)

The 8.z/ is chosen as a functionof frequency.In single input/single
output systems, for each discrete frequency up to the Nyquist fre-
quency it is set equal to a unit magnitude complex number with
phase equal to minus the phase change of the input–output discrete
frequency response of the system. The change in the steady-state
frequency components from one repetition to another is obtained
by looking at the amplitude of the transfer function [I ¡ G.z/8.z/]
with z set to ei!T , where T is the sample time. The discrete frequen-
cies involved are !T D 2¼n=.2p ¡ 1/; n D 0; 1; 2; : : : ; 2p ¡ 2. In
the event that the amplitude of the frequency response goes above
one, the magnitudeof 8.z/ is also cut by the reciprocal. In practice,
it is easiest to perform the product on the right of Eq. (14) in the
transform domain20 and then take the inverse fast Fourier transform
to obtain the learningcontrol signal, but one can look at the learning
law in the time domain by taking the inverse transform of Eq. (14)
to obtain a convolution product

u j .k/ D u j ¡ 1.k/ C
1

n D ¡1

Á.k ¡ n/e j ¡ 1.n/ (16)

The Á.k/ represent the learning gains in the matrix L. In� nitely
many gains are required, as indicated, to realize the steady-state
frequency response design. They are truncated to the appropriate
number of gains to � ll the matrix L when implementedby Eq. (16),
so that the limits in the summation become 0 to p ¡1. This learning
law gives monotonic decay of the steady-state response of each fre-
quency component of the error signal. A limitation of the approach
is that, when the total time in a repetitionbecomes too short, steady-
state frequency response thinking does not apply. In this case, the
way to accountfor the � nite-timeaspectwhen generatingthe control
law is given in Ref. 14.

The MIMO versionof this algorithmis as follows.18 Suppose that
for each n the transfer function Gfexp[i2¼n=.2p ¡ 1/]g is diago-
nalizable by matrix V .n/; V ¡13V with the eigenvalues ¸i . Then
form the learning control matrix as

8.n/ D V .n/¡1Ä.n/V .n/ (17)

where Ä.n/ is a diagonal matrix formed from 3.n/ by replacing
each eigenvalue by a unit magnitude complex number with phase
angle equal to the negative of that of the correspondingeigenvalue.
In the event that an eigenvalue is larger than one in magnitude, the
magnitude of the entry in Ä.n/ is reduced by this factor.

This learning law is somewhat less robust than the contraction
mapping law. To ensure convergence and good learning transients,
one can either use a zero phase � lter to limit the frequency range
of learning to one in which one is con� dent of one’s knowledge
of the phase change of the feedback control system16;17 or perform
system identi� cation using the data as part of the learning control
process.18;19 A major advantage of the algorithm is that its rate of
learning at high frequencies is much faster, being related to the
amplitudeto the � rst power of the frequencyresponseof the system.
The experiments using this algorithm resulted in nearly a factor of
1000 improvement in the robot trackingaccuracy,and the error was
continuing to improve slowly at repetition40 when the experiments
were stopped.18;20

Controlling More Measured Outputs Than Inputs
Given m inputs in u, it is possible to control at most m out-

put variables to exactly follow a desired trajectory at every sample
time. If one has more measured output variables, and would like to
achieve zero tracking error following desired trajectories for more
than m output variables, then one can cycle through the set of vari-
able, controlling one set the � rst time step, a second set the next
time step, etc., and then repeating. This cycling through the output
variables, or alternating among them, was suggested in Ref. 8. In
multi-input systems this may be an underspeci�ed problem at some
time steps, allowing multiple solutions. An alternative to this alter-
nating approach is to skip asking for zero tracking error for enough
time steps that the set of control variables accumulated from the
last controlled time step is greater than or equal to the number of
output variables to be controlled.9 Here we study these two con-
cepts for the three different learning control laws. In the following
section we study their use for ripple attenuation. For simplicity of
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exposition, we will often limit ourselves to considering that there
are two scalar variables that we want to control and only one input.
We also assume that each variable can be controlled at the next time
step by adjusting the input, which is typical in discretized versions
of continuous-time systems. However, in theory, it may take more
time steps to controla givenoutput,with the numberof steps limited
by n or n ¡ m for a controllable system. We will not discuss these
special cases.

Alternating Output Method
Suppose that we have two outputs that we wish to control, y1 D

C1x and y2 D C2x , and we ask for zero tracking error for the � rst
on odd-numbered time steps and the second for even steps. Then
the desired trajectory and the actual trajectory are

y¤ D y¤T
1 .1/ y¤T

2 .2/ y¤T
1 .3/ y¤T

2 .4/ ¢ ¢ ¢ T

(18)

y D yT
1 .1/ yT

2 .2/ yT
1 .3/ yT

2 .4/ ¢ ¢ ¢ T

from which the error history vector is de� ned. The P in Eq. (3)
becomes

P D

C1 B 0 0 0 ¢ ¢ ¢
C2 AB C2 B 0 0 ¢ ¢ ¢
C1 A2 B C1 AB C1 B 0 ¢ ¢ ¢
C2 A3 B C2 A2 B C2 AB C2 B ¢ ¢ ¢

:::
:::

:::
:::

: : :

(19)

There exists a solutionhaving zero trackingerror providedC1 B and
C2 B are both full rank. We now examine how to apply each of the
three learning control laws to this situation.

When using the integral control-basedlearningcontrol, one picks
L D [Á1 Á2 Á1 Á2 ¢ ¢ ¢]. The eigenvalues of the matrix in Eq. (7)
become those of I ¡ C1 BÁ1 and I ¡ C2 BÁ2, and having these less
than unity determines the range of learning gains for convergence.
For smoothness of the control inputs during the learning process, it
may be desirableto have each type of output learn at the same speed.
This suggests picking Á1 and Á2 such that the given eigenvaluesare
approximately equal. When a zero phase low-pass � lter is applied
to the error signal, it should be applied to each type of output signal
separately, not to the error history vector. Furthermore, improved
results might be obtained by applying it to the output history for all
available sample times and then picking out the � lter results at the
sample times of interest.

To use the contraction mapping learning controller in this situ-
ation, one simply inserts the P of Eq. (19) into Eq. (11). One can
generalize the gain s to a matrix with diagonal elements s1 and s2,
and this allows one to weight the diagonal elements for each output,
but the off-diagonal terms get mixed weighting. True balancing of
the learning rates for y1 and y2 requires adjusting the scaling in the
de� nition of one of the output variables.For example, if y2 is veloc-
ity, it can be scaled by any factor we choose. This becomes obvious
when one considers that velocity can be measured in meters per
second, meters per hour, feet per month, or furlongs per fortnight.
Make up your own units if you want a different scaling. Thus, one
scales the relative size of C1 and C2 .

To apply the phase cancellation learning control law, we need to
� nd the transfer function from each input to each of the outputs in
the y of Eq. (18) at their associated sample times. This can be done
as follows. De� ne Nu and Nya as

Nu.k/ D
u.k/

u.k C 1/
; Nya.k C 2/ D

y1.k C 1/

y2.k C 2/
(20)

Using the state equation (1) for two time steps (ignoring the repeti-
tive disturbancebecause it will drop when we differencesuccessive
repetitions), we can write

x.k C 2/ D A2x.k/ C [AB B] Nu.k/
(21)

Nya.k C 2/ D
C1 Ax.k/ C [C1 B 0] Nu.k/

C2x.k C 2/

We then renumber the time arguments from k to k 0 D k=2 to elim-
inate skipped steps and take the z transform to obtain the 2 £ 2
z-transfer function matrix

NYa.z/ D Ga.z/ NU .z/ (22)

Then one applies the MIMO phasecancellationlearningcontrol law
using this transfer matrix.

Skip Step Method Using a Generalized Hold
In this section we skip specifying a desired trajectory for a suf� -

cient number of time steps that the number of accumulated control
inputs is greater than or equal to the number of output variables
to be controlled. We then specify desired values of all variables at
the same time step. For the two-variable set discussed earlier, we
control y1 and y2 at the same time steps, but we do so only every
other time step. Rather than using a zero-order hold from step k
to k C 2, we have two zero-order hold values to pick, one for the
� rst half of this interval and a second one for the second half of the
interval. This process creates a special case of a generalized hold
between the tracking sample times, one having a single extra degree
of freedom.26

The appropriate system equations for every two time steps be-
come

x.k C 2/ D A2x.k/ C [AB B] Nu.k/ D NAx.k/ C NB Nu.k/
(23)

yg.k/ D
y1.k/

y2.k/
D

C1

C2
x.k/ D Cx.k/

The output and input histories become

y D [ yT .2/ yT .4/ yT .6/ ¢ ¢ ¢]T

(24)
u D [ NuT .0/ NuT .2/ NuT .4/ ¢ ¢ ¢]T

for Eq. (3), and the associated P becomes NP with the A and B
replaced by NA and NB.

Integral control-based learning is then accomplished using L D
diag.8; 8; : : : ; 8) with diagonal matrix partitions, and conver-
gence according to Eq. (10) is determined by j¸i .I ¡ C NB8/j < 1.
Because of the need to choose a matrix learning gain, the task of
� ndingappropriategainsbecomesharder than in thealternatingstep
method described � rst. One can try 8 D diag.Á1; Á2/ giving differ-
ent weighting for the two types of outputs, but there is now mixing
between these weights when learning both outputs at the same time
step. For convergenceit can be necessary to use off-diagonalterms,
and the dif� culty of picking appropriate gains makes this learning
rule less desirable for the generalized hold case.

When applying the contraction mapping law, the modi� cations
are obvious,using NP in place of P and scaling C1 and C2 as needed.
The phase cancellation law requires the development of a different
z-transfer matrix for this generalized hold case:

NYg.z/ D Gg.z/ NU .z/ (25)

by renumberingthe time arguments from k to k 0 D k=2 to eliminate
the skipped steps and taking the z transform of system (23).

Example
We can illustratethesemethodsby takinga multipleoutputsystem

in controllablecanonical form, which makes certain things evident:

Px1

Px2

Px3

D
0 1 0

¡2 ¡3 0

0 0 ¡3

x1

x2

x3

C
0

2

3

u

(26)

y1

y2
D

1 0 0

0 0 1

x1

x2

x3

In this system we can control either output every time step, or both
outputs every other time step, either at the same steps or alternating,
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Fig. 1 Error in ——, y1 after achieving zero error every time step for
y2 and – – – , y2 after achieving zero error every other time step for y1 .

Fig. 2 Tracking errors for ——, y1 and – – – , y2 after 30 repetitions of
alternate time step learning.

producing zero tracking error to some desired trajectory at these
steps, e.g., y¤

1 .t/ D 1 ¡ cos.¼ t=2t f ) and y¤
2 .t/ D sin.¼ t=t f ), where

t f is the � nal time.
If we apply learning control to achieve zero tracking error of

y1. y2/ every sample time, then the output y2. y1 ) is totally uncon-
trolled, and the resultingerror historiesare shown in Fig. 1. We now
apply the alternating output method together with integral control-
based learning to control both variables simultaneously.Usually, in
applying learning control we start in the zeroth repetition by using
feedback control only and commanding the desired output. It is not
immediatelyobviouswhat scalar command to give the systemwhen
we have two different desired outputs, one for y1 and the other for
y2. Here we set the command starting from step 0 and going to step
p-1 to equal the successive entries in the y¤. Thus, the scalar com-
mand to the control system is alternating between the two desired
outputs. Note the one time step shift in the command compared to
y¤, which re� ects the one time step delay going through the control
system. Setting the learning gains to produceeigenvaluesof 0.5 and
0.7, the error histories at repetition 30 are the small errors shown in
Fig. 2.

Ripple Suppression
In digital control systems, even if the output at the sample times

has zero error, the intersample tracking can be poor. To decrease
variations from the desired trajectory between sample times, often
people ask to have not only the right output at the sample times but
the right derivativeof the outputat the sample times. In higher-order
systems, one can imagine trying to match still further derivatives if
they can be measured. If not, we can still attempt to match them
based on a model using methods in the next section.

Now we consider a single input system with both position and
velocity as outputs, and we wish to control both. These output vari-
ables are very closely related, in contrast to the two output variables
in the preceding example. It is instructive to consider the frequency
contentof the ripplesignal. In the initial time steps there canbe some
transientbehavior, and in steady state, because the ripple is not vis-
ible at the sample times, the minimum frequency is the Nyquist
frequency,and one can have all harmonics. That corresponds to pe-
riods of two time steps, one time step, etc. Because the errors are at
the Nyquist frequencyor harmonics, the digital control is unable to
in� uence these position errors directly, but by controlling velocity
at the sample times one does have some control over these errors.

Fig. 3 Ripple between sample times when position error is zero at
sample times (——) and position error when velocity error is zero at
sample times (– – –).

Fig. 4 Velocity error histories corresponding to Fig. 3 (– – –, position
learning and ——, velocity learning).

Here we investigatethe ability of the learningcontrolmethodsof the
preceding section to simultaneouslyeliminate tracking errors at the
chosen sample times and to control ripple between sample times.

Obtaining Zero Tracking Error of Both Position and Velocity
at Sample Times

Consider the following system:

Ry C Py C y D u (27)

where input u is the command y¤.t/ D t coming through a zero-
order hold and the sample time is T D 1

2 . For comparisonpurposes,
Fig. 3 shows the position error for all time when the discrete-time
learning control has achieved zero position error at every sample
time. Note the rather substantial ripple between the sample times.
In the early learning control literature, there was much discussion
of the dif� culty of learning position in second-order mechanical
systems, and instead zero position error was sought by starting at
the correct initial condition and learning to have zero velocity error.
Also in Fig. 3 is the position error that results from asking for zero
velocity error at each time step. Because this is a digital system,
and there is ripple between sample times, having zero velocity error
at every sample time does not guarantee zero position error, as can
be seen in Fig. 3. Figure 4 shows the correspondingvelocity errors
after each learning process has converged.

Figure 5 gives the results when we apply the methods of the pre-
ceding section to this problem, to attempt to decrease the ripple.
Figure 6 gives the corresponding velocity errors. When a general-
ized hold is used to learn both position and velocity at even num-
bered sample times, as shown by the solid lines, the ripple is greatly
attenuated.Thus, the approach can be quite effective.

On the other hand, alternately learning position and then veloc-
ity as the sample times progress results in the dashed curve (the
desired position is matched at odd time steps and the desired ve-
locity at even). The ripple is, in fact, increased by roughly a factor
of two. Thus, we conclude that this alternating method for control-
ling the additional velocity variable is not advisable when ripple
attenuation is the objective. Because ripple is at a high frequency
equal to the Nyquist frequency or harmonics, it is apparently easy
to match the desired velocity at the intermediate time steps without
keeping the position error small. This method should be reserved
for problems such as that in Eq. (26).
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Fig. 5 Position errors after convergence when positionand velocity are
——, both learned every other time step and – – – , learned alternately.

Fig. 6 Velocity error histories corresponding to Fig. 5.

Fig. 7 Position error vs time as in Fig. 5, except that the sample time
is cut in half.

The approach needed to get both zero position and zero velocity
error required us to control these quantities every other time step,
rather than every time step. In a sense this corresponds to cutting
the Nyquist frequencyin half. Because ripple is at this frequencyor
higher,one might wonder what pricewe have paid in not controlling
the variables every sample time. Figure 7 answers this question for
this example, by cutting the step size in half and again applying
the methods. Thus, both position and velocity are now controlled
every T D 1

2 . As expected, the already small ripple in Fig. 5 is made
substantially smaller, becoming almost undetectable after the � rst
two time steps.

Optimizing the Chosen Velocity to Minimize Ripple
with a Generalized Hold

In theprecedingsubsectionwe have improvedthe ripplebyasking
for the velocity (and perhaps higher derivatives) to match the de-
sired continuous-timeposition/velocity history at every other sam-
ple time. Because ripple is a high-frequency phenomenon, having
the right velocity at the start of a time step is not as closely related to
the error at the end of the time step as one might wish. It is possible
that the ripple could be still smaller by not asking for the desired
velocity at the start of a step but rather optimizing what velocity
we ask for, choosing it to minimize the position error for all time.
This type of optimization is sometimes done in steady-state situa-
tions where one only optimizes one value that is used repeatedly.
Learning control is designed for situations when we want to reach
zero error in tracking a � nite-time trajectory that can be speci� ed

arbitrarily. Here we consider how the optimization of the choice of
speci� ed velocities can be applied in the learning control problem.

The problem statement is as follows. Given a continuous-time
system Px D Acx C Bcu; y D Cx , with command input u coming
through a zero-order hold. Let the desired output position history
be y¤.t/, and we impose zero tracking error every two time steps,
y.2kT / D y¤.2kT /; k D 1; 2; 3; : : : ; p=2 (p even). Find the veloc-
ities v.2kT / D Py.2kT / to require, such that the following position
error function is minimized:

J D
pT

0

[y¤.t/ ¡ y.t/]2 dt (28)

This problem can be written as a quadratic program, requiring
minimization of a quadratic function of many variables, subject to
linear inequality constraints, i.e., minimize,

J D
.p ¡ 2/=2

j D 0

J .2 j/

(29)
J .2 j/ D X T .2 j/21 X .2 j/ C 22.2 j/X .2 j/ C 23.2 j/

J .2 j / D [xT .2 j T / uT .2 j T / uT ..2 j C 1/T /]T

by choice of the set of velocities v.2kT / [which can be chosen as
the second state variable x2.2kT /], subject to the linear equality
constraint of the discrete-time version of the state equations (with
system matrices A; B, and C ) relating the x.2 j T / variables, and
subject to the requirement that the control choices cause the outputs
to match y.2kT / D y¤.2kT /,

y¤.2kT / D C A2x.2kT / C [C AB C B]
u.2kT /

u..2k C 1/T /
(30)

The 21 ,22.2 j/, and23.2 j/ in Eq. (29) aredeterminedbywriting

J .k/ D
.k C 1/T

kT

[y¤.t/ ¡ y.t/]2 dt C
.k C 2/T

.k C 1/T

[y¤.t/ ¡ y.t/]2 dt

and substitutingfor y.t/ the solution of the differential equation on
these two intervals

y.¿ C kT / D C®.¿/x.kT / C C¯.¿/u.kT /

y.¿ C .k C 1/T /

D C®.¿ /Ax.kT / C C®.¿/Bu.kT / C C¯.¿/u..k C 1/T /

®.¿ / D exp.Ac¿ /; ¯.¿ / D
¿

0

exp[Ac.¿ ¡ t 0/]B dt 0

and then evaluating the resulting integrals.

Controlling Additional Output Variables
That Are Not Measured

If we wish to use learning control to improve the tracking of a
variablethatisnotbeingmeasured,weneeda methodof determining
the error of that variable, and the method will necessarilydependon
a model of the system.There will be no way to correct for inaccurate
estimates of the variable due to use of an inaccurate model in the
estimator unless a learning control method is used that involves
identi� cation18¡21 and the identi� cation results are coupled to the
desired variable by physical understanding.

Here we make use of the nominal model and construct two dif-
ferent ways of generating values for the unmeasured variable from
the measurements. First, consider an observer

Ox[.k C 1/T ] D

A Ox.kT / C Bu.kT / C w.kT / C F[y.kT / ¡ C Ox.kT /] (31)

Suppose again that the variable of interest is velocity. Then one can
start with the continuous-time system represented in controllable
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canonical form. In this form the velocity is a state variable, or in
the case of a system with zeros, velocity is representable in terms
of the state variables in a simple way. Then position measurements
input into Eq. (31) produce an estimate of velocity as well as other
states. The learning control problem involves repeating a task, al-
ways starting from the same initial conditions. Presuming that this
initial state is known, then we have the correct initial condition to
use in the observer, and if in addition the model is correct and there
is no plant or measurement noise, then the observer produces the
correct velocities every time step.

In general, there are observer transients, which would occur, for
example, if we did not know all initial states, and the error in con-
structingthe unmeasuredstateswill convergeto zero asymptotically
with time during a repetition.An alternativemethod of constructing
the desired variables that avoids this problem can be generated in
the following way.30 Use Eq. (1) to go p steps ahead

x.k/ D Apx.k ¡ p/ C C 0 Nu.k ¡ p/ (32)

where C 0 D [Ap ¡ 1 B ¢ ¢ ¢ AB B] and Nu.k ¡ p/ is a column vector
with u.k ¡ p/ as the top partition and ending with u.k ¡ 1/ as the
� nal partition. De� ne Ny.k ¡ p/ analogously to Nu.k ¡ p/, and use
Eq. (32) repeatedly to produce

Ny.k ¡ p/ D O 0x.k ¡ p/ C T 0 Nu.k ¡ p/ (33)

where O 0 is the observabilitymatrix with column partitionsstarting
with C , C A, and going through C A p ¡ 1; T 0 is a Toeplitz matrix,
which haszero partitionson and above thediagonal;the subdiagonal
contains C B in every element; and the i th subdiagonal contains
C Ai ¡ 1 B in every element.Addingand subtracting M Ny.k ¡ p/ from
the right-hand side of Eq. (32) and replacing the Ny.k ¡ p/ in the
added term by Eq. (33) produces

x.k/ D .Ap C MO 0/x.k ¡ p/

C .C 0 C MT 0/ Nu.k ¡ p/ ¡ M Ny.k ¡ p/ (34)

D .C 0 C MT 0/ Nu.k ¡ p/ ¡ M Ny.k ¡ p/

We choose the value of M to satisfy Ap C MO 0 D 0, which elim-
inates dependence on the state x.k ¡ p/. This can be done if the
system is observable and the value of p is large enough that the
observability matrix has reached full rank. The � nal expression in
Eq. (34) gives the full state as a linear combination of p previous
inputs and p previousmeasurements,and no transientsare involved
in the reconstructionof the unmeasured states.

Given the estimated velocities, we can now apply any of the de-
scribed learning law equations (9) or (11) with Eq. (6) or (16), as
formulated for either the alternating output method or the general-
ized hold method.We simply substitutethe estimatedvelocityerrors
in place of measured velocity errors.

Consider the use of integral control-based learning using the al-
ternating output method, and let position be controlled on the odd
numbered time steps. The � rst time step will converge to zero po-
sition error provided that I ¡ C1 BÁ1 is less than one in magnitude.
Once this time step has converged, the estimate of the velocity for
the next time step usingobserver(31) is a stabilizedfunctionof u.T /
with the same linear relationship C2 B as with true measurements
of velocity. Incorrect values of the parameters in Eq. (31) (except
for those in C2 B) can be lumped into producing a modi� ed, or ef-
fective, desired velocity for that step. Convergence to this effective
desired velocity is accomplished provided the true I ¡ C2 BÁ2 is
less than one in magnitude. Once this time step has converged, then
the next time step converges to the desired position according to
I ¡ C1 BÁ1 . Hence, we can prove that this learning control method
has the desirable property that it converges to zero true position er-
ror at the position time steps and to zero estimated velocity at the
velocity time steps, for all suf� ciently small learning gains (of the
correct sign).

Conclusions
Three different learningcontrol laws, each having its own advan-

tages, have been generalized so that they can improve tracking of
more measured output variables than input variables. The method
that alternates the output variables as the time steps progress is
shown to be particularly simple when using integral control-based
learning. It is suggested that one may wish to adjust the gains or
scaling for the differentoutputs to achieve similar learning rates for
each. It is shown that this approach is not effectivewhen one is inter-
ested in decreasing ripple by learning to match the desired velocity
as well as the desired position. On the other hand, the generalized
hold approach, which seeks to control all outputs at the same time
steps, but to skip steps, is found to be signi� cantlymore complicated
when using the integral control-based learning, but is equally natu-
ral when using the other learning laws. The price that is paid is that
multi-input/multi-output equations are now involved. It is shown
that this can be quite effectivewhen used for purposesof ripple sup-
pression. Tracking performance is then improved between sample
times at the expense of no longer obtaining zero tracking error at
some sample times. We also show how one can apply these methods
when one wishes to improve the tracking of an extra variable that is
not being measured. It is shown that learningcontrolcan obtainzero
tracking error to all measured variables at the appropriate sample
times and zero estimated tracking error of the unmeasuredvariables
at their sample times.
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